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Abstract
An O(d, d) symmetry of the manifold of string vacua that do not depend on d (out
of D) space-time coordinates has been recently identified. Here we write down, for d =
D − 1, the low energy equations of motion and their general solution in a manifestly
O(d, d)-invariant form, pointing out an amusing similarity with the renormalization group
framework. Previously considered cosmological and black hole solutions are recovered as
particular examples.
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1. INTRODUCTION
Narain’s original idea [1], [2] of an O(d, d) symmetry acting on the manifold of
static, d-dimensional string compactifications, has been recently generalized [3] to the case
of massless backgrounds (metric, torsion and dilaton) which simply do not depend upon a
particular set of (possibly non-compact) string coordinates Xa(a = 1, 2, ...d).
A σ-model argument for the validity of such a symmetry at all orders in α′ (and
possibly at higher genus as well) runs as follows [3]: Consider a conformal background
(a string vacuum) of the kind specified above: the associated nilpotent BRST operator
Q will depend trivially (i.e. quadratically at most) on the 2d phase-space variables Z =
(Pa, X
′a). Perform now [3] a global, canonical O(d, d) transformation on the Zs. Since
this transformation preserves commutation relations andWick contractions, the new BRST
operator will also be nilpotent. However, as it turns out, the change in Z can be traded
for a change in the backgrounds, implying that also the transformed backgrounds define
a (generally inequivalent) conformal theory. O(d, d) is thus a symmetry of this particular
class of string vacua.
Depending on the theory at hand, a subgroup of O(d, d), which we shall call the
—gauge group— G, leaves the theory unchanged. Inequivalent vacua are thus points in the
coset O(d, d)/G. While for the static, fully compact case one has [1], [2] the d2-dimensional
space given by G = O(d)⊗O(d), for the completely non-compact (but time-dependent)
case the coset has dimensionality d(d − 1)/2 [3]. It has been argued by Sen [4] that, in
this latter case, our coset is equivalent to O(d)
⊗
O(d)/O(d) and that the O(d)
⊗
O(d)
symmetry persists to all orders in α′. For the sake of generality we shall base our discussion
here on the full original O(d, d) symmetry.
Discrete subgroups of O(d, d) (somewhat improperly called —duality transforma-
tions—) had been previously discussed both in the context of cosmological solutions [5],
[6] and in that of 2D black-holes [7], [8], [9]. Finally, the complete O(d, d) group has been
employed to generate, from some known solutions, radically new candidate conformal back-
grounds both in the black-hole [10] and in the cosmological [11] case. An interesting aspect
of O(d, d), made apparent by these constructions, is that it can transform gauge-equivalent
backgrounds into gauge-inequivalent ones, as evidentiated by the presence of a non trivial
torsion field B in the transformed solutions.
In this paper we shall continue our work [3] by rewriting, for d = D−1, the field equa-
tions in a manifestly O(d, d)-invariant form.This allows us to give the general solution of the
(lowest order) equations in terms of quadratures. Actually, equations (and solutions) take
the form of renormalization-group equations (and solutions) in real cosmic time both for the
coupling constant of string theory and for the matrix descibing the metric and torsion back-
grounds. This analogy is used in order to obtain a general classification of the solutions.
Finally, we shall recover several known backgrounds as particular cases of our general solu-
tion.
2. O(d, d) SYMMETRIC EQUATIONS OF MOTION AND THEIR
GENERAL SOLUTION
In this Section we shall derive manifestly O(d, d)-invariant equations of motion for the
low energy effective action of string gravity coupled to the dilaton and the antisymmetric
tensor:
S =
∫
dDx
√−G e−φ
[
Λ−R−Gµν∂µφ∂νφ− 1
12
HµνρH
µνρ
]
(1)
Here Λ is the cosmological constant (proportional to D-10), φ is the (Fradkin-Tseytlin)
dilaton [12] Gµν is the σ-model metric and Hµνρ is expressed, as usual, in terms of Bµν
via :
Hµνρ = ∂µBνρ + cyclic (2)
If G and B are only functions of time, invariance under general coordinate transformations
and under Bµν → Bµν ++∂[µΛν] allows always to bring them to the form:
G =
(−1 0
0 G(t)
)
, B =
(
0 0
0 B(t)
)
(3)
Hereafter we shall use the symbols G and B to denote the d×d matrices appearing in (3).
As shown in [3], by introducing a 2d× 2d matrix M and a field Φ defined as
M =
(
G−1 −G−1B
BG−1 G−BG−1B
)
(4)
Φ = φ− ln
√
det G. (5)
the action (1) takes the form:
S =
∫
dt e−Φ
{
Λ + (Φ˙)2 +
1
8
Tr
[
M˙η M˙η
]}
(6)
where η defines an O(d, d) metric in off-diagonal form i.e.
η =
(
0 1
1 0
)
(7)
The action (6) is manifestly invariant under the a global O(d, d) group acting as :
Φ→ Φ, M → ΩTMΩ (8)
ΩT ηΩ = η (9)
For d < D − 1 and backgrounds G and B which are not block-diagonal, the σ-model
argument given in Sect.1 still suggests an O(d, d) symmetry with the off-diagonal blocks
of M transforming s by the obvious left or right multiplication with Ω.
We will now obtain manifestly O(d, d)-invariant equations of motion from the action
(6). The first equation follows from reintroducing G00 in the action and from setting to
zero the corresponding variation. This gives directly the ”Zero Energy” condition
(Φ˙)2 +
1
8
Tr
[
M˙η M˙η
]
− V = 0 (10)
where we allow now for a more general potential V (Φ) rather than just a constant. If we
assume that the potential does not break the symmetry explicitly then it can depend on
M only through a function of the invariants Tr(Mη)p, p = 1, 2, .... However, for p odd
these traces vanish and for p even they are equal to 2d; hence the potential can depend
only on Φ.
The variation of the action with respect to Φ yields:
(Φ˙)2 − 2Φ¨− 1
8
Tr
[
M˙η M˙η
]
+
∂V
∂Φ
− V = 0 (11)
The variation of the action with respect to M has to be done carefully, since M is
subject to several constraints. The simplest way to proceed is to write
δM = ΩTMΩ−M (12)
where Ω = 1+ ǫ belongs to O(d, d). Expanding the variation of the action to terms linear
in ǫ and using the fact that ǫη is antisymmetric we get the equation:
∂t(MηM˙) = Φ˙(MηM˙) (13)
which can be immediately integrated once to give:
e−Φ(MηM˙) = const = A. (14)
From its definition the constant matrix A satisfies
AT = −A, MηA = −AηM. (15)
It is obvious that eqs. (10), (11) and (13) are invariant under the full O(d, d) group defined
by (8) and (9).
Substituting (14) into (10) we obtain the first order equation for Φ:
(Φ˙)2 =
exp(2Φ)
8
Tr(Aη)2 + V (Φ) (16)
which can be solved by quadratures:
t =
∫ Φ
Φ0
dy(
exp(2y)
8
Tr(Aη)2 + V (y))−1/2 (17)
It can be easily shown that the solution of (16) automatically satisfies (11) , provided that
Φ˙ 6= 0. The solution (17) can be used next to define a ”dilaton time” τ :
τ =
∫ t
t0
eΦ dt′. (18)
In terms of τ the general solution of (14) simply reads :
M(t) = exp(−Aητ)M(t0). (19)
Hence the whole solution can be explicitly given in terms of quadratures, which is a welcome
surprise for a complicated system such as the one described by (1).
To end this Section we would like to point out an amusing similarity between equa-
tions (16), (18) and (19) and the renormalization group (RG) equations. Introducing the
”reduced” coupling constant α by:
α = eΦ (20)
we can rewrite (16) as a RG-equation for the running of α:
dα
dt
= β(α) (21)
where the β-function is given by:
β(α) = ±α
√
V (α) +
α2
8
Tr(Aη)2 (22)
Once eq. (22) is solved, eq. (18) is the usual definition of the ”RG-time” in terms of which
moments of structure functions evolve to leading order exponentially (generally with a
matrix-valued exponent because of operator mixing), i.e. precisely as in eq. (19). The
standard RG analysis of UV or IR fixed points can be applied to our system choosing, for
definiteness, the plus sign in eq. (22) (this corresponds, physically, to choosing solutions
which evolve from weak coupling in the far past). This analysis leads to the following
classification scheme for the general solution:
a) If β(α) has no other zero but the trivial one then we have two possibilities:
a1) ∫
∞
α0
dx
β(x)
<∞ (23)
There is a singularity in Φ at a finite t = tc. There can also be a (coordinate or
curvature) singularity if ∫
∞
α0
dxx
β(x)
=∞ (24)
In this case the typical cosmology near tc is superinflationary (Cf. [5]).
a2) ∫
∞
α0
dx
β(x)
=∞ (25)
In this case no singularity can develop at any finite t.
b) If β(α) has a zero at some α∗ > 0 then one has again two possibilities:
b1) ∫ α∗
α0
dx
β(x)
<∞ (26)
No singularity develops at any finite t and the coupling constant, after growing to α∗,
goes back to zero after an infinite time.
b2) ∫ α∗
α0
dx
β(x)
=∞ (27)
In this case the theory has a genuine late-time fixed point α = α∗. At late times a
regime of exponential inflation (M(t) ∼ exp(α∗Aηt)) sets in.
3. COSMOLOGICAL SOLUTIONS AND 2D BLACK HOLES AS PAR-
TICULAR CASES
In this Section we will solve the equations (16) and (19) for some special potentials.
The solutions we find include time dependent cosmological solutions of [5] and 2D black
holes [7],[8], as well as some recently studied ”boosted” versions of both [11], [10], but the
family of solutions of (16) and (19) is much larger.
We start with the case of vanishing potential V = 0 (critical dimensions). In this case
(16) can be immediately solved to give
eΦ = α = C/(T − t); C =
√
8/Tr(Aη)2 (28)
From (18) we get
τ = C ln
T − t
T − t0 (29)
so that the solution for M reads:
M(t) = exp
(
CAη ln
T − t
T − t0
)
(30)
where we assumed that M(t0) = 1.
To be more explicit let us assume some specific form for A:
A =
(
0 −Ad
Ad 0
)
(31)
where Ad = diag(a1, .., ad). In this case (30) reads:
M(t) =


diag
[(
T−t
T−t0
)
−2α1
, ..
]
0
0 diag
[(
T−t
T−t0
)2α1
, ..
]

 (32)
where αi = ai/
√
Σa2i . These solutions are exactly the ones discussed in [5], [6](see also
[13]). For αi = αδi1 we recover the special case of the completely flat ”Milne” metric
[11], while, by inverting and boosting the corresponding A, we arrive at the one-parameter
family of non-trivial backgrounds discussed in [11].
We now want to discuss the solutions in presence of the potential V = Λ =const. The
solution of (16) can be immediately given:
eΦ = α = C
√
Λ/sinh(
√
Λ(T − t)); C =
√
8/Tr(Aη)2 (33)
From (18) we get
τ = C ln
tanh(
√
Λ(T − t)/2)
tanh(
√
Λ(T − t0)/2)
(34)
so that the solution for M reads:
M(t) = exp
(
CAη ln
tanh(
√
Λ(T − t)/2)
tanh(
√
Λ(T − t0)/2)
)
(35)
where we again assumed that M(t0) = 1.
For d = 1 we take
A =
(
0 −a
a 0
)
a > 0 (36)
and assume that M(−∞) = 1. Then
M(t) =
(
tanh−2(
√
Λ(T − t)/2) 0
0 tanh2(
√
Λ(T − t)/2)
)
(37)
eΦ =
2
√
Λ
asinh(
√
Λ(T − t)) (38)
After the identification [3]:
t↔ ix, T = 0, Λ = −4 (39)
we recover the k = 9/4 black hole solution of [7], [8]. Acting on the solution with η we
recover the ”dual” 2D black hole of ref.[9].
For d > 1 we can use the same A (with zeroes in the additional entries) and reproduce
the k 6= 9/4 black holes of [7], while, by boosting any of these solutions one recovers the
”twisted” black holes of [10].
We wish to conclude by mentioning one amusing solution that exists for d = 9 (usual
uncompactified superstring). As A we take
A =
(
0 diag(−a1, ..,−a9)
diag(a1, .., a9) 0
)
(40)
Then M is equal to
M =

 diag
(
tanh−2α1(
√
Λ(T − t)/2), ..
)
0
0 diag
(
tanh2α1(
√
Λ(T − t)/2), ..
)

 (41)
where αi = ai/
√
Σa2i . The scalar curvature and dilaton are given by:
R = − Λ
cosh2(
√
Λ(T − t))/2)
[∑
αi − (Σαi − 1)
2
4sinh2(
√
Λ(T − t)/2))
]
(42)
eφ =
(tanh(
√
Λ(T − t)/2))Σαi−1
a cosh2(
√
Λ(T − t)/2)) . (43)
Hence we have a singularity for t→ T unless
∑
αi = 1. (44)
Assuming that all |αi| are equal, the only solution for αi is (-1/3,-1/3,-1/3,+1/3,..,+1/3)
so that three dimensions expand and six contract!
We are grateful to D. Amati, M. Gasperini and E. Rabinovici for discussions.
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